Abstract.The aim of this work is to extend the results obtained by Yang Bicheng and L. Debnath in [Some inequalities involving the constant e and an application to Carleman's inequality,
Introduction and Motivation
Yang Bicheng and L. Debnath [4, Lemma 2.1] presented the following double inequality for every x in 0 < x ≤ e − e 2 x + 11e 24 x 2 − 21e 48 x 3 < (1 + x) 1/x < e − e 2 x + 11e 24
Such inequalities were proven to be of great interest through the researchers, especially in the recent past, due to many practical problems where they can be applied. As example, we refer to inequality (1) which is the main tool for improving Carleman's inequality in [4] . As in [4] it is provided a long, difficult proof, we propose in this paper a simple, direct proof of (1) . The proof we provide shows us that (1) is true for every real number x ∈ (0, 1]. We show our method in case of the following improvement of (1).
Theorem 1.
For every real number x ∈ (0, 1], we have
where a (x) = e − e 2 x + 11e 24 x 2 − 21e 48
The Proof of the Theorem
Proof of Theorem 1. Inequalities (2) are equivalent to f < 0 and > 0 on [1, ∞) , where
We have As f is strictly concave and is strictly convex on (1, ∞) with f (∞) = (∞) = 0, we deduce that f < 0 and > 0 on (1, ∞). As 
Keller's limit and Generalization
As an application, a new proof of the limit
(also known as Keller's limit, see e.g. [3] ) can be constructed. Indeed, using Theorem 1, we get
Extreme-side expressions are rational functions in n having e as common limit, so (3) is true. Moreover,
With some patient, or better using a computer software such as Maple, we obtain
and
where As expressions in (5)- (6) tends to e/24, (4) reads as
Using the same method we discovered and present now the following new results.
Theorem 2.
For every c ∈ R, we have
In c = 1/12 case, we have
Limits (3) and (7) are case c = 0 in (8), respective (9). By analogue remarks, we have
as the involved sequences are rational functions in n. The exact forms were obtained and can be verified by the reader using a computer software such as Maple.
Finally,
and the extreme-side sequences converge to e 24
(1 − 12c) . The sequence (10) is bounded below and above by 
